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Disclaimer

This presentation was produced solely by Yingying Li. The opinions and 
statements expressed herein are those of Yingying Li are not necessarily 
the opinions of any other entity, including UBS AG and its affiliates. UBS AG 
and its affiliates accept no responsibility whatsoever for the accuracy, 
reliability or completeness of the information, statements or opinions 
contained in this presentation and will not be liable either directly or indirectly 
for any consequences, including any loss or damage, arising out of the use 
of or reliance on this presentation or any part thereof. Reproduced with 
permission.



Betterment	Investment	Methodology
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Wealthfront Investment	Methodology
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Harry	Markowiz,	NOBEL	PRIZE	1990
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William	F.	Sharpe,	NOBEL	PRIZE	1990
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Markowitz	Mean-Variance	Optimization

• Markowitz	(mean-variance)	optimization:
maximize	portfolio	return	given	risk	constraint
⟺minimize	portfolio	risk	given	return	constraint

• The	solution	to	Markowitz	optimization	is	mean-variance	efficient.
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Big	Data	Issues	
&	

MAXSER
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Ao,	M.,	Yingying,	L.,	and	Zheng,	X.	(2019),	“Approaching	Mean-Variance	
Efficiency	for	Large	Portfolios,”	The	Review	of	Financial	Studies,	32,	2890–2919.



Large	Portfolio	Optimization
• A	large	number	of	stocks	available	for	investing:

• Optimizing	over	a	large	number	of	assets	faces	intrinsic	challenges.	

• DJIA	30;		S&P	500;			Nasdaq:	>	3,000;
• FTSE	100;		DAX	30;		CAC	40;
• HSI:	50;					HSCI:	500;		SSE:	>	1,000...
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Markowitz	Mean-Variance	Optimization
• Markowitz	(mean-variance)	optimization:

maximize	portfolio	return	given	risk	constraint

where	𝜃 = 𝝁%Σ'(𝝁 is	the	square	of	the	maximum	Sharpe	ratio.

• 𝒘∗ attains	the	maximum	expected	return	𝑟∗ = 𝜎 𝜃� and	Sharpe	ratio	 𝜃� .
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How	well	does	the	plug-in	portfolio	perform?
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• Recall: 𝒘∗ =
𝜎

𝝁%Σ'(𝝁� Σ'(𝝁

𝑁	 = 	103, 𝑇	 = 	240:	Returns	simulated	from	𝑖. 𝑖. 𝑑.multivariate	normal	with	
parameters	calibrated	from	real	data.



Challenges	for	Large	Portfolios
• Poor	performance	of	the	plug-in	portfolio

• The	situation	worsens	as	the	number	of	assets	increases

• Key	reason	— High-dimensionality	(Ao,	Li	and	Zheng	2019,	RFS)

• “Markowitz	optimization	enigma”:	Michaud	(1998)
• Best	and	Grauer (1991),	Chopra	and	Ziemba (1993),	Kan and	Zhou	(2007)	etc.

𝑺𝑹(𝐩𝐥𝐮𝐠 − 𝐢𝐧)
𝑺𝑹∗

𝑷
→

𝟏 − 𝜼
𝟏 + 𝜼/ 𝑺𝑹∗ 𝟐

�
< 𝟏, 𝒂𝒔	

𝑵
𝑻 → 𝜼 ∈ 𝟎, 𝟏
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Alternative	Methods
• Adjusting	inputs:

• Imposing	constraints:

• Regularize	covariance	matrix	or	its	inverse:

• Mean	estimation:	Black	and	Litterman (1991)

• No-short-sale	constraint	(Jagannathan and	Ma	(2003));
• gross-exposure/𝑙( constraint	(Brodie	et	al.	(2009);	Fan	et	al.	(2012a,b));
• 2-norm-constrained	minimum	variance	portfolio	(DeMiguel et	al.	(2009));
• other	non-convex	constraints	(Fastrich	et	al.	(2015))

• shrinkage	(Ledoit and	Wolf	(2004,	2017);	Engle	et	al.	(2019));
• thresholding (Bickel	and	Levina (2008));	CLIME	(Cai et	al.	(2011));
• utilizing	factor	structure	(Fan	et	al.	(2008,	2011,	2013);	Ding	et	al.	(2020));
• and	others...
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A	Competitive	Alternative:	Nonlinear	Shrinkage
(Ledoit and	Wolf	(RFS,	2017))
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Our	Portfolio:	MAXSER	(Ao,	Li	and	Zheng	(RFS,2019)).
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Key	Elements	of	the	MAXSER	Approach
• Unconstrained	regression	representation	of	the	mean-variance	
problem:

• Consistent	estimation	of	response	𝑟T ⇐ 𝜃
• A	LASSO-type	estimator	of	𝒘∗:

• Developed	for	two	scenarios	with	or	without	factor	investing

		𝐸 𝑟T − 𝒘%𝑹 W
𝒘

XYZ[\] , where	𝑟T =
1 + 𝜃
𝜃 𝑟∗ = 𝜎

1 + 𝜃
𝜃�

𝑤∗c = 			d 𝑟Te − 𝒘%𝑹𝒕 W
g

hi(
𝒘

XYZ[\] 	𝑠𝑢𝑏𝑗𝑒𝑐𝑡	𝑡𝑜	 𝒘 ( ≤ 𝜆

𝒘∗ is	our	MAXimum - Sharpe	ratio	Estimated	&	sparse	Regression	(MAXSER)	
portfolio.



Robert	Tibshirani,	COPSS Presidents’	award	1996
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The	“Nobel	Prize	of	
Statistics”



Main	Result	I:
Theorem	1
The	MAXSER	portfolio	𝒘∗c satisfies	that,	as	𝑁 → ∞,

𝜇%𝒘∗c − 𝑟∗
v
→0,	

and

𝒘∗c%Σ𝒘∗c�
− 𝜎

v
→0.

• MAXSER	asymptotically	achieves	the	maximum	expected	return	and	
meanwhile	satisfies	the	risk	constraint,	therefore	approaches	mean-
variance	efficiency!
• First	method	ever	that	achieves	both	objectives	for	large	portfolios
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Factor	Models	

• Capital	Asset	Pricing	Model	(CAPM)
𝑟\ = 𝛼\ + 𝛽\ 𝑅z − 𝑅{ + 𝑒\, 𝑖 = 1,… . , 𝑁.

• Fama-French	Three	Factor	Model
𝑟\ = 𝛼\ + 𝛽\( 𝑅z − 𝑅{ + 𝛽\W𝑆𝑀𝐵 + 𝛽\�𝐻𝑀𝐿 + 𝑒\, 𝑖 = 1,… . , 𝑁.
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Eugene	Fama,	NOBEL	PRIZE	2013
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With	Factor	Investing	--
A	Factor-Idiosyncratic	Component	Separation
• Consider	the	following	model	of	returns:

𝑟\ = 𝛼\ +d𝛽\�𝑓�
�

�i(

+ 𝑒\ ≔d𝛽\�𝑓� + 𝑢\
�

�i(

, 𝑖 = 1,… . , 𝑁,

• We	will	invest	in	the	N	assets	and	the	K	factors
• The	optimal	portfolio	𝒘���:
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𝒘��� ≔ 𝒘{,𝒘 = 𝜎
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�
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The	MAXSER	Portfolio
• Plug-in	estimator	of	𝒘{∗:	𝒘{∗c ≔ (

���
�

Σ�{'(𝜇�{

• Estimator	of	𝒘�
∗ :

𝒘�
∗c = arg	min

𝒘

1
𝑇d 𝑟Te − 𝒘%𝑼𝒕c

W
g

hi(

		𝑠𝑢𝑏𝑗𝑒𝑐𝑡	𝑡𝑜	 𝒘 ( ≤ 𝜆

• Final	estimator	of	the	optimal	portfolio	𝒘���:

𝒘����≔ 𝒘{�,𝒘e = 𝜎
𝜃�{
𝜃����

�
𝒘{∗c − 𝜎

𝜃��
𝜃����

�
𝛽%� 𝒘�

∗c , 𝜎
𝜃��
𝜃����

�
𝒘�
∗c .
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Main	Result	II:	MAXSER	with	Factor	Investing

Theorem	2
Under	normality	assumption	on	returns	and	a	mild	sparsity	assumption	
on	𝒘�

∗ ,	as	𝑁 → ∞,	the	MAXSER	portfolio	𝒘���� satisfies

𝒘����%𝜇��� − 𝑟∗
v
→0,	and	 𝒘����%𝛴���𝒘����−𝜎W

v
→0,	

Where	𝑟∗ = 𝒘���
% 𝜇��� is	the	maximum	expected	return	at	risk	level	𝜎.

• MAXSER	asymptotically	achieves	the	maximum	expected	return	and	meanwhile	
satisfies	the	risk	constraint,	therefore	approaches	mean-variance	efficiency!

23



Empirical	studies:	Data	&	Rolling-window	Scheme
• Data:	Two	asset	universes

• Rolling-window	scheme

• Stock	pool	determination

• DJIA	30	constituents	and	Fama-French	three	factors
• S&P	500	constituents	and	Fama-French	three	factors

• monthly	rolling	and	rebalancing
• risk	constraint	fixed	to	be	the	standard	deviation	of	the	index	during	the	first	
training	period

• DJIA	30:	all	constituents	at	each	time	of	portfolio	construction,	updated	monthly
• S&P	500:	yearly	updated	stock	pools	consisting	of	100	randomly	picked	
constituents
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Benchmark	Portfolios
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Portfolio Abbreviation
Index Index

Equally	weighted portfolio Equally	weighted
Plug-in MV	on	factors Factor

Three-fund portfolio	(Kan and	Zhou	(2007)) KZ

MV	with	sample	cov MV-P

MV	with linear	shrinkage	cov (Ledoit and	Wolf	(2004b)) MV-LS

MV	with nonlinear	shrinkage	cov (Ledoit and	Wolf	(2007)) MV-NLS

MV	with nonlinear	shrinkage	cov adjusted	for	factor	models	(Ledoit and	Wolf	(2007)) MV-NLSF

GMV	with	linear	shrinkage	cov GMV-LS

GMV	with	nonlinear	shrinkage cov GMV-NLS

MV	=	mean-variance	portfolio								GMV=	global	minimum	variance	portfolio



DJIA	Constituents	&	FF3
DJIA 30 Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟔0	 𝝈 = 𝟎. 𝟎𝟓

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.270 0.043 0.310

Equally weighted 0.042 0.328 0.044 0.307
Factor 0.055 0.427 0.058 0.254
KZ 0.104 0.250 0.097 0.265

MV-P 0.116 0.196 0.132 0.292
MV-LS 0.070 0.132 0.077 0.376
MV-NLS 0.068 0.166 0.073 0.352
MV-NLSF 0.067 0.232 0.070 0.290
GMV-LS 0.016 0.453 0.018 0.307
GMV-NLS 0.016 0.364 0.018 0.274
MAXSER 0.060 0.556 0.064 0.567
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DJIA	Constituents	&	FF3
DJIA 30 Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟔0	 𝝈 = 𝟎. 𝟎𝟓

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.270 0.043 0.310

Equally weighted 0.042 0.328 0.044 0.307
Factor 0.055 0.427 0.058 0.254
KZ 0.104 0.250 0.097 0.265

MV-P 0.116 0.196 0.132 0.292
MV-LS 0.070 0.132 0.077 0.376
MV-NLS 0.068 0.166 0.073 0.352
MV-NLSF 0.067 0.232 0.070 0.290
GMV-LS 0.016 0.453 0.018 0.307
GMV-NLS 0.016 0.364 0.018 0.274
MAXSER 0.060 0.556 0.064 0.567
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DJIA	Constituents	&	FF3
DJIA 30 Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟔0	 𝝈 = 𝟎. 𝟎𝟓

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.270 0.043 0.310

Equally weighted 0.042 0.328 0.044 0.307
Factor 0.055 0.427 0.058 0.254
KZ 0.104 0.250 0.097 0.265

MV-P 0.116 0.196 0.132 0.292
MV-LS 0.070 0.132 0.077 0.376
MV-NLS 0.068 0.166 0.073 0.352
MV-NLSF 0.067 0.232 0.070 0.290
GMV-LS 0.016 0.453 0.018 0.307
GMV-NLS 0.016 0.364 0.018 0.274
MAXSER 0.060 0.556 0.064 0.567
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DJIA	Constituents	&	FF3
DJIA 30 Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟔0	 𝝈 = 𝟎. 𝟎𝟓

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.270 0.043 0.310

Equally weighted 0.042 0.328 0.044 0.307
Factor 0.055 0.427 0.058 0.254
KZ 0.104 0.250 0.097 0.265

MV-P 0.116 0.196 0.132 0.292
MV-LS 0.070 0.132 0.077 0.376
MV-NLS 0.068 0.166 0.073 0.352
MV-NLSF 0.067 0.232 0.070 0.290
GMV-LS 0.016 0.453 0.018 0.307
GMV-NLS 0.016 0.364 0.018 0.274
MAXSER 0.060 0.556 0.064 0.567
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S&P	500	Constituents	&	FF3
S&P	500	Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟏𝟐0	 𝝈 = 𝟎. 𝟎𝟒

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.279 0.044 0.302

Equally weighted 0.047 0.332 0.049 0.344
Factor 0.040 0.517 0.045 0.409
KZ 0.081 0.369 0.087 0.331

MV-P 0.347 0.383 0.367 0.257
MV-LS 0.079 0.248 0.078 0.093
MV-NLS 0.061 0.232 0.064 0.091
MV-NLSF 0.054 0.348 0.057 0.141
GMV-LS 0.022 0.277 0.025 0.436
GMV-NLS 0.025 0.271 0.027 0.467
MAXSER 0.047 0.667 0.053 0.591
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S&P	500	Constituents	&	FF3
S&P	500	Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟏𝟐0	 𝝈 = 𝟎. 𝟎𝟒

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.279 0.044 0.302

Equally weighted 0.047 0.332 0.049 0.344
Factor 0.040 0.517 0.045 0.409
KZ 0.081 0.369 0.087 0.331

MV-P 0.347 0.383 0.367 0.257
MV-LS 0.079 0.248 0.078 0.093
MV-NLS 0.061 0.232 0.064 0.091
MV-NLSF 0.054 0.348 0.057 0.141
GMV-LS 0.022 0.277 0.025 0.436
GMV-NLS 0.025 0.271 0.027 0.467
MAXSER 0.047 0.667 0.053 0.591
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S&P	500	Constituents	&	FF3
S&P	500	Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟏𝟐0	 𝝈 = 𝟎. 𝟎𝟒

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.279 0.044 0.302

Equally weighted 0.047 0.332 0.049 0.344
Factor 0.040 0.517 0.045 0.409
KZ 0.081 0.369 0.087 0.331

MV-P 0.347 0.383 0.367 0.257
MV-LS 0.079 0.248 0.078 0.093
MV-NLS 0.061 0.232 0.064 0.091
MV-NLSF 0.054 0.348 0.057 0.141
GMV-LS 0.022 0.277 0.025 0.436
GMV-NLS 0.025 0.271 0.027 0.467
MAXSER 0.047 0.667 0.053 0.591
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S&P	500	Constituents	&	FF3
S&P	500	Constituents	&	FF3	(Without	Transaction	Costs)									𝑇 = 𝟏𝟐0	 𝝈 = 𝟎. 𝟎𝟒

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.279 0.044 0.302

Equally weighted 0.047 0.332 0.049 0.344
Factor 0.040 0.517 0.045 0.409
KZ 0.081 0.369 0.087 0.331

MV-P 0.347 0.383 0.367 0.257
MV-LS 0.079 0.248 0.078 0.093
MV-NLS 0.061 0.232 0.064 0.091
MV-NLSF 0.054 0.348 0.057 0.141
GMV-LS 0.022 0.277 0.025 0.436
GMV-NLS 0.025 0.271 0.027 0.467
MAXSER 0.047 0.667 0.053 0.591
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What	about	transaction	costs?
• The	portfolio	return	net	of	transaction	cost	in	period	𝑡,	𝑟]�h(𝑡) is	calculated	by

𝑟]�h 𝑡 = 1 −d𝑐h,� 𝑤� 𝑡 + 1 − 𝑤�(𝑡+)
�

�

1 + 𝑟(𝑡) − 1

• 𝑐h,�:	a	cost	level	that	measures	transaction	cost	per	dollar	traded	for	trading	
asset	j
• 𝑤� 𝑡 + 1 :	weight	on	asset	j	at	the	beginning	of	period	t	+	1
• 𝑤�(𝑡+):	weight	of	asset	j	at	the	end	of	period	t
• 𝑟 𝑡 :	portfolio	return	without	transaction	cost	in	period	t

• Based	on	Brandt	et	al.	(2009)	and	Engle	et	al.	(2012),	we	set	𝑐h,� to	be	time-
varying,	different	for	individual	stock	and	factor	portfolio
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DJIA	Constituents	&	FF3
DJIA 30 Constituents	&	FF3	(With	Transaction	Costs)									𝑇 = 𝟔0	 𝝈 = 𝟎. 𝟎𝟓

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.270 0.043 0.310

Equally weighted 0.042 0.317 0.044 0.300
Factor 0.055 0.265 0.058 0.146
KZ 0.108 -0.134 0.098 0.040

MV-P 0.117 -0.073 0.132 0.101
MV-LS 0.071 -0.014 0.077 0.299
MV-NLS 0.069 -0.077 0.073 0.213
MV-NLSF 0.067 0.045 0.070 0.187
GMV-LS 0.016 0.313 0.018 0.213
GMV-NLS 0.017 0.079 0.018 0.066
MAXSER 0.061 0.284 0.064 0.402
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S&P	500	Constituents	&	FF3
S&P	500	Constituents	&	FF3	(With	Transaction	Costs)									𝑇 = 𝟏𝟐0	 𝝈 = 𝟎. 𝟎𝟒

Period 1977-2016 1997-2016
Portfolio Risk Sharpe	Ratio Risk Sharpe	Ratio
Index 0.043 0.279 0.044 0.302

Equally weighted 0.047 0.307 0.049 0.330
Factor 0.040 0.408 0.045 0.330
KZ 0.082 0.009 0.087 0.160

MV-P 0.349 -0.185 0.367 -0.018
MV-LS 0.079 0.066 0.078 0.011
MV-NLS 0.061 0.099 0.064 0.022
MV-NLSF 0.054 0.175 0.057 0.054
GMV-LS 0.022 0.104 0.025 0.350
GMV-NLS 0.025 0.142 0.027 0.398
MAXSER 0.048 0.445 0.053 0.483
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Source:	
https://www.scmp.com/presented/news/hong-kong/education/topics/new-normal/article/3098737/risk-management-volatile
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Portfolio	value	comparison:	Hong	Kong	Stock	Market

MAXSER	vs	HSI
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Portfolio	value	comparison:	A	Share	Market

MAXSER	vs	SSE50



Main	Findings

• MAXSER	asymptotically	achieves	the	maximum	Sharpe	ratio	and	
meanwhile	satisfies	the	risk	constraint
• First	method	ever	that	achieves	both	objectives	for	large	portfolios
• Outstanding	performance	confirmed	by	comprehensive	simulation	
and	empirical	studies
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Our	Lab:	FinStaR@HKUST http://finstar.ust.hk
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Thank	you!


